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Based on simple energetic considerations, we show that two crucial ingredients of bimodal black hole accretion
discs, namely the sonic point and the transition radius, can be determined from the disc constant parameters.
Thus, we can further justify the model of bimodal discs containing thermal instability triggered transition.
PACS: 97. 60. Lf, 98. 62.Mw, 95. 30.Gv
The best-known accretion disc model is the
Shakura{Sunyaev disc (SSD),[1] in which the accret-
ing gas radiates essentially all the heat energy pro-
duced by viscous dissipation, and is relatively cold
(thus the disc is geometrically thin). Another model
that has received much attention in recent years is
the advection-dominated accretion ow (ADAF),[2] in
which the heat energy is not radiated immediately, but
is stored in the gas as thermal energy and is advected
with the ow. Thus the gas becomes extremely hot,
and the disc becomes geometrically quasi-spherical.
It seems that the SSD and the ADAF are adequate
for the outer and the inner zone of black hole accre-
tion ows, respectively, and a combined SSD+ADAF
model has been quite successfully applied to black-hole
x-ray binaries and galactic nuclei.[3] In such a bimodal
model, it was only assumed that an SSD connects
inward to an ADAF at a transition radius Rtr, and
the precise physical mechanism through which such a
transition occurs remains a matter of debate. Some
researchers[4 6] proposed that, in the case of mod-
erately strong viscosity, the thermal instability of a
radiation pressure-supported SSD can possibly trig-
ger the SSD{ADAF transition. On the other hand, it
was claimed in Ref. [7] that the SSD could not match
any plain ADAF, where `plain' meant zero radiative
cooling. Here we also use an argument based on ener-
getic considerations, which is similar to that used in
Ref. [7], but we further prove that the transition from
a radiation pressure-supported SSD to a plain ADAF
is possible.
The basic equations describing accretion ows are
mass conservation, radial momentum conservation,
angular momentum conservation, hydrostatic balance,
energy balance, plus equation of state, equation of
opacity, and viscosity prescription. In the SSD model
these equations are reduced to a set of algebraic
equations[2]





























 = (es + )H; (7)
 = csH; (8)
where M is the mass of central black hole, _M is the
mass accretion rate, R is the radius, Rg( 2GM=c
2) is
the gravitational radius, H is the disc half-thickness,
v is the radial velocity of ow, 
K is the Keplerian
angular velocity,  is the density of gas, p is the pres-
sure, T is the temperature, cs is the isothermal sound
speed, j is a constant representing the specic angu-
lar momentum at the inner edge of the disc,  is the
Stefan{Boltzmann constant, R is the gas constant, 
is the optical depth, es (= 0:4 cm
2g 1) is the elec-
tron scattering opacity, ff (= 6:4  10
22T 3:5) is
the free{free absorption opacity,  is the kinematic vis-
cosity, and  is the constant viscosity parameter. In
the above equations the well-known Paczynski{Wiita
potential[8] is used to simulate general relativistic ef-
fects.
For the plain ADAF model,[2] Eqs. (1), (4) and (8)
maintain the same form. Because of zero radiative
cooling, Eq. (6) becomes simply p = 2RT and Eq. (7)
does not exist. While Eqs. (2), (3) and (5) are replaced
















































 is the angular velocity, and  is the ratio of
specic heats of the gas.
As stressed in Ref. [7], it is interesting that, with
the help of Eq. (1), the above three dierential equa-
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j = K = const:
(12)
The physics of constant K is obvious. If there is no
energy loss, such as radiative cooling, the specic to-
tal energy of the gas must be conserved even if there
is viscous dissipation. Equation (12) is valid over the
whole ADAF zone, from the inner edge of the disc up
to the transition radius Rtr where the ow matches an
SSD.
Based on this constant energy property, it was ar-
gued, in Ref. [7], that such a transition was not per-
mitted. Molteni et al. thought that if the transition
occurred, it would be at a radial distance far from the
central black hole (Rtr  Rg). Then the rst and the
last term on the left-hand side of Eq. (12) were negligi-
ble, and 
 = 
K , K was equal to (or of the same order
as) the specic energy of a standard Keplerian disc,
i.e. K =  GM=2Rtr. Thus the ADAF would have a
virial temperature at Rtr, which was much larger than
the temperature an SSD could ever have.
We think that the above argument is only quali-
tatively plausible. According to the results in Ref. [5],
the thermal instability triggered SSD{ADAF transi-
tion occurs, if it does, in the inner region of the SSD;
thus the transition position is close to the central black
hole. Therefore, Eq. (12) should be applied in a more
sophisticated way. We now use this equation to verify
the transition mechanism proposed in Ref. [5] by the
following procedures.
(1) For the given four constant parameters M , _M ,
j and , we solve the set of SSD Eqs. (1){(8) inward
from a large R (say, R = 2000Rg) to obtain quantities
v, 
K , cs, H;  and T , etc. We check at what radius
the following thermal instability condition is met[5]
Æ = 4  10   7:5  0:5 > 0; (13)
where  = pg=p, with pg = 2RT , and  = =(es +
). The resulting radius is just Rtr. If radiative cool-
ing is taken into account, there are two possibilities
for the ow at Rtr: either it undergoes a limit cycle
between the slim disc state and the SSD state, or it
becomes an ADAF. Here only the latter possibility is
considered because of zero radiative cooling.
(2) At Rtr the accreting gas should have radiated
as much energy as the SSD model required. Its re-
maining energy is therefore the sum of the gravita-
tional potential energy, the kinetic energy (both the
radial and the rotational), and the thermal energy (or
the enthalpy, more exactly speaking). It is this re-














= K; R = Rtr: (14)
The constant K is evaluated precisely.
(3) Having K at hand, we determine the sonic
point of ADAF, Rs. It is known that transonic motion
is a crucial characteristic of the ADAF, and is not re-
lated to the SSD. As described in details in Ref. [9], a
no-torque condition, which is supposed to be applied
at the disc inner edge, could be reasonably applied at
the sonic point, i.e.
R2
   j = 0; when R = Rs: (15)












= K; R = Rs: (16)
By using Eqs. (1), (4) and (8), Eqs. (9){(11) can be
rearranged as a single dierential equation for dv=dR,
and the requirement that dv=dR must be well be-





















for R = Rs: (18)
Equations (16){(18) can be solved for three unknown
Rs, and v and cs at Rs, then other quantities H; ; p
and T at Rs can be obtained from Eqs. (1) and (4)
and the equation of state.
We note that all the calculations in our procedures
are purely algebraic, without solving any dierential
equations, but the ADAF outer boundary Rtr and in-
ner boundary Rs are fully determined from the given
parameters M , _M , j and . Of course, to know the
detailed structure of the ADAF between Rtr and Rs,
one has to solve dierential Eqs. (9){(11) as performed
in Ref. [9], but this is not the goal of the present paper.
We now present our numerical results. In our cal-
culations, the value of  is xed to be 1.5. Figure 1
gives the correspondence of Rtr to Rs, with  = 0:01,
j = 1:72(cRg), M = 10M and _m (= _M= _MEdd,
with _MEdd being the Eddington accretion rate) vary-
ing from 0.06 (the left end of the line) to 1 (the right
end of the line). We nd that, in order to have an
SSD{ADAF transition, i.e. a solution for Rtr and Rs,
we can choose  to be any values provided that _m is
large enough. When  = 0:01, the minimum value of
_m required for the SSD{ADAF transition is 0.06; and
Fig. 1. Sonic point Rs of advection-dominated accretion
ow versus the Shakura{Sunyaev disc transition radius
Rtr with  = 1:5,  = 0:01, j = 1:72(cRg), M = 10M,
and _m varying from 0.06 (the left end of the line) to 1 (the
right end of the line).
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Fig. 2. Disc temperature T and relative thickness H=R at Rtr and Rs with the values of , , M , and _m being the same
as those in Fig. 1: (a) T versus Rtr; (b) H=R versus Rtr; (c) T versus Rs; (d) H=R versus Rs.
this minimum _m decreases slightly with increasing .
It is seen from Fig. 1 that with increasing _m value, Rtr
increases and Rs decreases. For any values of  and _m
that ensure the SSD{ADAF transition, Rs is always
located around 3Rg, whileRtr ranges from about 10Rg
to about 100Rg.
Fig. 3. Dependence of Rs on j with  = 1:5,  = 0:01,
M = 10M and _m = 0:1.
To check the disc properties, we show the temper-
ature T and the relative thickness H=R at Rtr and Rs
in Figs. 2(a){2(d), respectively. The values of , j, M
and _m are the same as those in Fig. 1. It is seen that at
Rtr, the disc is relatively cold and geometrically thin
(H=R 1), while at Rs it becomes much hotter and
is not thin. These are consistent with the SSD model
and the ADAF model. It is noted that the value of _m
increases from the left to the right along the lines in
Figs. 2(a) and 2(b), while it decreases from the left to
the right along the lines in Figs. 2(c) and 2(d). Thus
T decreases and H=R increases with increasing _m and
accordingly increasing Rtr; while both T and H=R in-
crease with increasing _m and accordingly decreasing
Rs.
For completeness, we show the inuence of param-
eter j in Fig. 3, for which  = 0:01, M = 10M and
_m = 0:1. It is seen that the larger the j value, the
smaller the Rs value. This is physically reasonable,
because a larger j means a higher centrifugal barrier.
The ow has to move further inward to release more
potential energy, and to gain more kinematic energy
in order to pass through the sonic point.
In summary, we have shown that two crucial ingre-
dients of bimodal black-hole accretion discs, namely
the sonic point and the transition radius, can be de-
termined from the constant parameters of ow. This
result further proves that the SSD{ADAF transition
triggered by the thermal instability is indeed possi-
ble. In the future, we will investigate the detailed
structure of ADAF between the sonic point and the
transition radius by numerically solving dierential
Eqs. (9){(11).
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